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Let x denote a primitive, Dirichlet character to the modulus q > 1, such that 
x( -1) = 1. Then it is shown that the Riemann zeta function can be expressed in 
terms of the non-trivial zeros of L(S, x). Although the explicit form of the re- 
presentation is given only when v  > 1, and only for x( - 1) = 1, it is indicated 
how similar representations can be obtained for (r > 0 when x(-l) = 4~ 1. 
Let x denote a primitive Dirichlet character to the modulus q > 1, and let 
CJJ: IF! + [w be a suitably chosen function. Then it was shown by Weil in [l J 
that the values of y (log x) at certain prime powers are related to the values 
of $(x) at the zeros of L(s, x). The precise statement of Weil’s relation is given 
in Lemma 1, while a modified version, (3), deduced from it, is presented in 
Lemma 2. The purpose of this note is to show that a consequence of (3) is 
the representation of the Riemann zeta function 
as> = - G x1 m y (x(n) + a(n)) logs-l n 
(1) 
for u > 1, where the second sum is over the zeros, p = p + &, 0 < p < 1, 
of L(s, x). There exist similar formulae which link &) and L(s, x) for u > 0, 
and which, therefore, intertwine the zeros of these functions in an unusual 
way. No method has yet been found, however, to exploit this connection, so 
we are content only to present the short derivation of (1) from known results. 
LEMMA 1 (A. Weil). Let I$(w) = $(u + iv) denote any function analytic 
on 1 v 1 < l/h + 6 such that g(w) = $(-IV) and I $~(w)l < C(1 + I w I)-“-” 
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for C, 6 > 0. Then, if x is any primitive character to the modulus q > 1, with 
x(-l) = 1, we have 
- 43 log (f) + & 1-1 @ (+-) ; (; f ;) dt, 
(2) 
where the sum over p is over all zeros of L(s, x) satisfying p = /3 + iy, 0 < p < 
1, and where 
$(t) = j-1 e2nitzgj(x) d-v. 
It will be understood for the duration of the paper that the sum over p will 
be as described above. For the sake of brevity, the version of (2) which 
corresponds to the case x(- 1) = - 1 will not be given. 
Proof. A proof of (2) may be found in [l]. However, we shall include a 
short outline, presenting the essential steps of Weil’s argument, here. Thus, 
Put 
H(s) = s-1 v(u) e(s-1/2)u du, 
and evaluate the integral 
in the positive direction around the rectangle, V, with vertices I t E 3: iT, 
--E :k iT. By the residue theorem, 
since L’/L(s, x) has a simple pole at s = 0 with residue 1. Evaluating I along 
the contour ?? and letting T -+ co yields 
and formula (2) follows. B 
92 C. RYAVEC 
LEMMA 2. Let q~ satisfy the hypotheses of Lemma 1. Then 
C @ (*) = - ITI $! (x(n) + a(n)> y(log n) - B(X) ~(0) 
1) 7r 
+ /oa (~40) - ~44) & du, 
where 
B(x) = log ($) - ; (3 
L’ 1 
=2x 2,x. 
( ) 
Proof. In order to deduce (3) from (2), we need to show, subject to the 
hypotheses of Lemma 1, that 
To show this, we first use Cauchy’s theorem to write 
where V is the path from - co to co which includes a small, semi-circular arc 
beneath the origin. (Thus, the integral is along a path which does not include 
the origin.) Next, integrate by parts twice to obtain 
s 
m 
= -t--2 e%p”(x) dx, --m 
for t E V, a step justified by the hypotheses on y. Substituting this last 
expression into the right side of (4) results in an absolutely convergent double 
integral. Interchanging the order of integration and simplifying leads to 
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= - j”m v’(x) [$ (;) + il - 2 e;y;; ] dx 
= ~(0) ; ($, -t jam [do) - ~441~ du, 
and the Lemma is established. 
THEOREM. Let x be a primitive character to the modulus q > 1. Then for 
cr > 1, s(s) has the representation (1). 
Proof. For the moment, keep s > 2, and apply Lemma 2 with 
q(u) = 1 u Is-l e-31”1/2. 
Then v(u) satisfies the hypotheses of Lemma 2, since v, and so $5, is even, and 
since 
q(w) = r(s)[($ + 27fiw)-s + (# - 27riw)-“1 
is analytic for 1 Im(w)] < 3/47r. If we observe that ~(0) = 0 and that 
-s 
m 
xs-le-3s/2 
0 
gx dx = -2l-“r(s) c(s), 
then (1) results. Since both sides of (1) are analytic for u > 1, it follows that 
(1) holds on this wider domain. 
Formula (1) is just one example of a wide class of representations of c(s) 
which result from a choice of y(u) of the form 
q(u) = / u is--l e-l”l~n sin h / u j 2 f(n 1 u I), 
11=1 
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withfsuitably restricted; e.g., (1) results from the simple choicef(u) = 2e-2u, 
u > 0. In order to obtain a representation of t(s), valid to the left of u = 1, 
anfis required which satisfies, among other criteria, 
s ,-f(u) du=0. 
As an example, f(u) = 2eezu - 4e-4*, u > 0, yields a representation of 
(1 - 21-S) l(s). 
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